A Realization of the Cohen-Glashow Very Special Relativity 
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We show that the Cohen-Glashow Very Special Relativity (VSR) theory [1] can be realized as 
the part of the Poincare symmetry preserved on a noncommutative Moyal plane with light-like 
noncommutativity. Moreover, we show that the three subgroups relevant to VSR can also be realized 
in the noncommutative space-time setting. For all these three cases the noncommutativity parameter 
8' 11 ' should be light-like (O^O^v =0). A fixed constant noncommutativity parameter respects the 
T(2) subgroup of Lorentz, while for the E(2) and SIM (2) cases the form of noncommutativity among 
the coordinates should be of linear (Lie algebra) and quadratic (quantum group) type, respectively. 
We discuss some physical implications of this realization of the Cohen-Glashow VSR. 

(to appear in Phys. Rev. Lett.) 
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The Special Theory of Relativity postulates the 
Poincare group as the symmetry of Nature. It is be- 
lieved, however, that at very high energies, the usual 
description of space-time in terms of a smooth mani- 
fold would break down, and together with it, the Lorentz 
invariance of physical theories. Various possible depar- 
tures from Lorentz invariance at high energies have been 
studied, both theoretically and experimentally (see [1-3] 
and references therein). The problem addressed in [1] 
is whether Lorentz invariant theories, like the Standard 
Model, could emerge as effective theories from a more 
fundamental scheme, perhaps operative at the Planck 
scale, which is invariant under Very Special Relativity 
groups, but not invariant under the full Poincare group. 

Very Special Relativity (VSR) has been introduced in 
Ref. [1] as symmetry under certain subgroups of Poincare 
group, which contain space-time translations and at least 
a 2-parametric proper subgroup of the Lorentz transfor- 
mations, isomorphic to that generated by K x + J y and 
K y — J x , where J and K arc the generators of rotations 
and boosts, respectively. These subgroups of the Lorentz 
group share the remarkable property that, when supple- 
mented with T, P or CP, they will be enlarged to the full 
Lorentz group. This can be taken as definition of VSR. 

The requirement of energy-momentum conservation 
should be preserved in VSR, consequently in all its re- 
alizations the translational symmetry should be con- 
tained. Besides generators of translations P^, the mini- 
mal version of VSR includes the Abelian subgroup of the 
Lorentz group, T(2), generated by T\ = K x + J y and 
T2 = K y — J x . The group T(2) can be identified with 
the translation group on a two-dimensional plane. The 
other larger versions of VSR are obtained by adding one 
or two Lorentz generators to T(2), which have geometric 
realization on the two-dimensional plane: 
i) E(2), the group of two-dimensional Euclidean motion, 
generated by Ti, T 2 and J z , with the structure: 

[T 1 ,r 2 ]=0 J [J s ,Tx]=-iTi, [J z ,T 2 ]=iT 1 ; (1) 



ii) HOM(2), the group of orientation-preserving similar- 
ity transformations, or homotheties, generated by Ti, T 2 
and K z , with the structure 

[Ti,T 2 ]=0, [T 1 ,K z ]=iT 1 , [T 2 ,K z ]=iT 2 ; (2) 

Hi) SIM(2), the group isomorphic to the four-parametric 
similitude group, generated by Ti, T 2 , J z and K z . 

When attempting to construct a concrete realization 
of the VSR symmetry as a fundamental scheme within a 
"master theory" , most certainly nonlocal [1] , and which 
would lead in the low-energy limit to an effective Poincare 
invariant theory, one runs into the problem of the repre- 
sentation content of the "master theory" . The Lorentz 
subgroups involved in VSR have only one-dimensional 
representations, unlike the Lorentz group. The represen- 
tations of T(2),E(2),HOM(2) and SIM{2) arc auto- 
matically representations of the Lorentz group, but the 
reciprocal is not valid. As a result, if we construct the 
"master theory" based on the one-dimensional represen- 
tations of the VSR subgroups, when requiring also P, T 
or CP invariance, although the theory becomes invari- 
ant under the whole Lorentz group, the one-dimensional 
representations will not change. As a result, the effective 
theory would be doomed by its very poor representation 
content. Another possibility is to use in the realization 
of VSR the representations of the full Lorentz group, but 
add a Lorentz-violating factor, such that the symmetry 
of the Lagrangian is reduced to one of the VSR sub- 
groups of the Lorentz group. However, such an approach 
can hardly provide a fundamental theory, given that its 
symmetry does not match its representation content. 

This contradiction can be resolved if we abandon the 
reasoning in terms of Lie groups/algebras and extend the 
discussion to (deformed) Hopf algebras. In the frame- 
work of Hopf algebras, there exist deformations which 
leave the structure of the algebra (commutation relation 
of the generators) untouched, but affect other proper- 
ties of the Hopf algebra, i.e. the co-algebra structure 
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[4]. Since the commutation relations of generators are 
not deformed, it follows automatically that the Casimir 
operators are the same and the representation content of 
the deformed Hopf algebra is identical to the one of the 
undeformed algebra. On the other hand, the deforma- 
tion of the co-algebra structure reduces the symmetry of 
the scheme. Such deformations are the twists introduced 
in Ref. [5], which turned out to provide a powerful con- 
cept, facilitating the systematic approach to deformation 
quantization [4]. 

Noncommutative quantum field theories (NC QFTs) 
are field theories constructed on space-times whose coor- 
dinates satisfy the commutation relations 

[x' i ,x' / ] =i6» v , (3) 

where 9 can be a function of coordinates (with the con- 
dition that it satisfies the Jacobi identity). The commu- 
tation relations (3) usually spoil the Lorentz invariancc 
(and sometimes also the translational invariance) of the 
NC QFTs; however, these theories remain invariant un- 
der the subgroup of the Poincare group which preserves 
the covariance of (3) (see [6] for the case of constant 9) . 

The essential element for our discussion is that NC 
QFTs possess symmetry under various twisted Poincare 
algebras, depending on the structure of 9 [7, 8] (see also 
[9]). The advantage of using the twisted Poincare lan- 
guage for constructing physical theories is that, in spite 
of the lack of full Lorentz symmetry, the fields carry rep- 
resentations of the full Lorentz group [10, 11] and the 
spin-statistics relation is still valid ; the deformation then 
appears in the product of the fields (interaction terms). 

Although we reviewed mainly the technical merits of 
NC QFT as a candidate for realizing VSR, we should 
recall the main motivation for introducing the NC space- 
time, based on the interplay of quantum theory and clas- 
sical gravity [12], as well as the emergence of NC QFTs as 
low-energy effective theories from string theory in Kalb- 
Ramond background field [13, 14]. 

In this letter we show that the NC spaces with light- 
like noncommutativity [15] offer a natural setting which 
realizes VSR, hence providing us with the well-studied 
theoretical setting of NC QFT, with twisted Poincare 
symmetry, as physical framework for VSR. 

Space-Time Noncommutativity and VSR. — To start 
with, we focus on the NC spaces defined through (3). 
Since 6^ v is an anti-symmetric two tensor, NC spaces 
can be classified according to the two Lorentz invariants 

A 4 = 9^\ L 4 = e afJ ^9^9 a0 . (4) 

A 4 is related to the noncommutativity scale, the scale 
where noncommutativity effects will become important, 
while L 4 is related to the smallest (space-time) volume 
that we can measure in a noncommutative theory. 

Depending on whether i 4 and A 4 arc positive, zero or 
negative one can recognize nine cases. The L 4 ^ cases 



cannot be obtained as a decoupling (low energy) limit of 
open string theory and do not lead to a unitary NC QFT 
theory [15] and hence are not usually considered. (How- 
ever, the A 4 = 0, L 4 7^ case is the famous Doplicher- 
Fredenhagen-Roberts [12] noncommutative space.) 

For i 4 = 0, depending on the value of A 4 there are 
three types of noncommutative spaces: 

i) A 4 > - space-like (space-space) noncommutativity; 

ii) A < - time- like (time-space) noncommutativity; 
Hi) A 4 = light-like noncommutativity. 

When A is constant, for the case ii), it has been shown 
that there is no well-defined decoupled field theory limit 
for the corresponding open string theory [15]. In the 
field theory language this shows itself as instability of 
the vacuum state and non-unitarity of the field theory 
on time-like NC space [16]. For the space-like case i) 
and light-like case Hi), noncommutative field theory lim- 
its are well-defined and the corresponding field theories 
are perturbatively unitary. 

Depending on the structure of the r.h.s. of (3), there 
exist three types of NC deformations of the space-time 
which can be realized through twists of the Poincare al- 
gebra [7-9]: 

1) Constant 9^ : the Heisenberg-type commutation rela- 
tions, defining the Moyal space: 

[x", x v ] = iO*" , (5) 

where 9^ v is a constant antisymmetric matrix. 

2) Linear 9^ v , with the Lie-algebra type commutators: 

[x»,x v ]=iC» v x<> , (6) 

describing an (associative but) noncommutative space if 
C^ v are structure constants of an associative Lie algebra. 

3) Quadratic noncommutativity, the quantum group type 
of commutation relations: 

K/] = ^W' ( 7 ) 

All the above-mentioned cases of noncommutative 
space-time have originally been studied in [17] with re- 
spect to the formulation of NC QFTs on those spaces. 
Only in the case 1) the translational invariance is pre- 
served in all the directions of space-time. Since the trans- 
lation symmetry is one of the requirements of the Cohcn- 
Glashow VSR [1], only the Moyal NC space-time is rel- 
evant to the VSR theories and therefore here we mainly 
focus on the Moyal case. We shall briefly discuss the lin- 
ear and quadratic 9^ cases, since in special conditions, 
all these types of noncommutativity can be put in a re- 
lation to certain Lorentz subgroups relevant to VSR. 

T(2) symmetry as light-like noncommutativity. — 
Motivated by the above arguments, we set about find- 
ing a configuration of the antisymmetric matrix 9^ v 
which would be invariant under the T(2) subgroup of the 
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Lorentz group - the only of the VSR subgroups which ad- 
mits invariant tensors, as also noted in [1]. If we denote 
the elements of the T(2) subgroup by 



A 1= e iaTl and A 2 = e i/3T2 , 



(8) 



the invariance condition for the tensor is written as: 

WW 00*0 = O^, 1=1,2, (9) 

and infinitesimally: 

T^J av + TSpOrt = 0, i = 1,2. (10) 

The nonvanishing elements of the matrix realizations of 
the generators T\ and T 2 are (see, e.g., the monograph 
[18]): {T 1 )° 1 = (T ± )\ = {T x y a = -(TO 3 ! = i and 
(T 2 )° 2 = (T 2 ) 2 = (T 2 ) 2 3 = -(T 2 ) 3 2 ^. 

Plugging these values into (10) we find the solution 



gOi 



, i= 1,2, 



(11) 



all the other components of the antisymmetric matrix 
qhv being zero. Note that to obtain the above result we 
did not assume any special form for the x-dependence of 
9^ v and hence this holds for either of the three constant, 
linear and quadratic cases. 

With the above 9^ v we see that A 4 = L 4 = 0, that is 
a light-like 9^ u is invariant under T{2). 

One may use the light-cone frame coordinates 



x ± = (t±x 3 )/2, 



1,2. 



(12) 



In the above coordinate system the only non-zero com- 
ponents of the light-like noncommutativity (11) is 6~ l = 
goi = _ 3i ( and q+- = 0+i = gij = o). In the light-cone 

coordinates (or light-cone gauge) one can take x + to be 
the light-cone time and x~ the light-cone space direction. 
In this frame, (light-cone) time commutes with the space 
coordinates. In the light-cone (+, — , 1, 2) basis 
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(13) 



E{2) and SIM(2) invariant NC spaces. — A constant 
9~ % breaks rotational invariance in the (x 1 , x 2 )-plane and 
hence larger VSR subgroups arc not possible in the Moyal 
NC space case. The E(2) invariant case can be realized in 
the linear, Lie-algebra type noncommutative spaces and 
SIM{2) can be realized by quadratic noncommutativity. 

The E(2) case: Recalling that J z is the generator of 
rotations in the (x 1 , x 2 )-plane while keeping x^ invariant, 
and that x l are invariant under K z , which acts as scaling 
on x~ and x + , the E(2) case is realized when 6~ % is 
proportional to x % and is independent of x~ . Noting that 
the only invariant tensors under J z are Sij and ey, then 
9~ % has to be proportional to the product of either of 



these invariant tensors with the only available vector on 
the (x 1 , x 2 )-planc: 



[x , x % \ = iie^x 3 , 



or 



(14a) 
(14b) 



With the above choices, the translational symmetry 
along x is preserved while along x l it is clearly lost. 

Instead of x % coordinates we may work with the cylin- 
drical coordinates on x~,x , x space, with the axis of 
the cylinder along x~ . If we denote the radial and angu- 
lar coordinate on the (x 1 , x 2 )-plane by p and </>, the case 
(14a) is then described by: 



,p]=0, [p, e 



0. 



] = ±Ae ±? r (15) 



This space is a collection of NC cylinders of various radii. 
There is a twisted Poincare algebra which provides the 
symmetry for this case while the other case cannot be 
generated by a twist [19]. In the above I and A are de- 
formation parameters of dimension length. 

The SIM(2) case: From the above discussions it be- 
comes clear that to have both the K z and J z invariant 
noncommutative structures we should take 9~ l linear in 
both x~ and x 1 , therefore the two possibilities are 



x , x 



£- 1 

i- -e y {x ,x J } 7 or 



£ + 1 

[x~ ,x l ] = i tan £{x~ , x % } 



(16a) 
(16b) 



preserving translational symmetry only along x + (where 
£ is the dimcnsionlcss deformation parameter). 

For neither of the above cases there is any twisted 
Poincare algebra of the form discussed in [9] which pro- 
vides these commutators [19]. The case (16b) in the 
above mentioned cylindrical coordinates x~,p,<p takes 
the familiar form of a quantum (Manin) plane. 

As mentioned above, the Cohen-Glashow VSR requires 
translation invariance, which is only realized in the con- 
stant 9^ case, therefore we continue with the discus- 
sion of QFTs on the light-like Moyal plane, as the VSR- 
invariant theories. Further analysis of the linear and 
quadratic cases will be postponed to future works [19]. 

NC QFT on Light-like Moyal plane as VSR invari- 
ant theory. — So far we have shown that a Moyal plane 
with light-like noncommutativity is invariant under the 
T(2) VSR. Consequently, the NC QFT constructed on 
this space possess also the same symmetry [6] , as well as 
twisted Poincare symmetry [7, 8]. For any given QFT 
on commutative Minkowski space its noncommutative 
counterpart, NC QFT, is obtained by replacing the usual 
product of functions (fields) with the nonlocal Moyal *- 
product (for a review on NC QFTs, see [20]): 

(0 * tP)(x) = 0(x) e^K^ ^{x) . (17) 

Due to the twisted Poincare symmetry, the fields carry 
representations of the full Lorentz group [10, 11], but 
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they admit transformations only under the stability 
group of light-like 9^, T(2). 

NC QFTs are GPT- invariant and satisfy the spin- 
statistics relation [21-23]. However, as shown in [21] for 
NC QED, C, P and T symmetries arc not individually 
preserved: for the time-space noncommutativity, which 
comprises also the light-like case, P invariance requires 
also the transformation 9° l — > — 9° l , C invariance requires 
9^ v — ► —O^ and T-invariance requires 6> IJ — > — . Since 
6' A " / is invariant on the Moyal space, these transforma- 
tions cannot occur. Consequently, requiring P, T or CP 
invariance from NC QFT with T(2) VSR symmetry is 
equivalent to taking 8 —> 0, in which case the emerging 
theory has full Poincare symmetry, as predicted in [1] . 

Discussion and Outlook. — We have shown that light- 
like Moyal NC space provides a consistent framework for 
T(2) Cohen-Glashow VSR-invariant theories. The other 
VSR groups, E(2), SIM [2) and HOM{2) are ruled out, 
if the origin of Lorentz violation is in the NC structure 
of space-time, since the corresponding NC spaces are not 
translationally invariant. The realization of VSR as NC 
theories has several advantages: 1) Despite the lack of full 
Lorentz symmetry, one can still label fields by the Lorentz 
representations. For the NC QFTs we can rely on the ba- 
sic notions of fcrmions and bosons, spin-statistics relation 
and CPT theorem [21-23]; 2) There is a simple recipe for 
constructing the NC version of any given QFT. Noncom- 
mutativity introduces a structure, fixing the form of the 
VSR-invariant action; 3) In the NC setting we only deal 
with a single deformation parameter (the coordinates on 
(x 1 , x 2 )-plane can be chosen such that 6' in (13) is zero). 

The parameter 6 of the NC QFT realization of T(2) 
VSR is of dimension length-square and it defines the non- 
commutativity scale Knc = 1/V0- To find bounds on 
Anc we need to compare results based on the NC mod- 
els to the existing observations and data. These data can 
range from atomic spectroscopy and Lamb-shift (see, e.g., 
[24]) to particle physics bounds on the electric-dipolc mo- 
ments of elementary particles. Since the structure of the 
terms involving the light-like NC parameter is essentially 
the same as in the more-studied case with space-space 
noncommutativity (as it stems from the same *-product 
(17)), and based on explicit calculations [19], we can infer 
that the bounds on the NC parameter will be of the same 
order of magnitude as the previously calculated ones, i.e. 
A-nc > 10 TeV [24] (sec also [25] for a similar bound 
coming from clock-comparison experiments). 

To construct a particle physics model based on the NC 
realization for VSR we need to fix a light-like 0^ in any 
of the noncommutative models constructed so far, with 
generic noncommutativity. Although various basic fea- 
tures are common to all NC QFTs constructed with the 
^-product (17), the light-like case has some specific fea- 
tures which are not shared by other NC QFTs on Moyal 
space-time. Moreover, the light-like NC QFTs are also 
unitary field theories [15]. The construction of consis- 



tent light-like NC models may lead to the derivation of 
more stringent bounds on Anc- The light-like NC QFTs 
are expected to have many features in common with the 
space-space NC case, which has been thoroughly studied 
in the literature, and main results of that case should also 
hold for the light-like case. Clarifying which of the results 
carry over to the light-like NC QFT will be discussed in 
a forthcoming communication [19]. 
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